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= gain of the system
= damping coefficient
= natural frequency

the transfer function can be rewritten as:
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Kown
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= gain of the system
= damping coefficient
= naturalfrequency

Besides these 3 above parameters, we also have

= damping frequency
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Example 1:

poles:

Y (s) 5 3 s =-2,914
R(s) 4s° +12s+1

s = -0,086

poles are
real and
distinct

poles:
s = -1

(duple)

poles are
real and

repeated
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Example 3:

poles:
s =-0,5 £ 0,866j

complex
conjugate

poles

poles:
s=12]
(pure 1maginary)
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Characteristic equation:

p(s) = Sz+2Z(L)nS+(Dr21

A=400P —4 W, =
=4 w, (-1)
A>0 - (C-D>0=C>1 -5 (>1
<A=0 - (-1)=0 - ’=1-1=1
A0 - ((P-1D<0 - °}<1 - (<1

( >1 - poles are real and distinct
( =1 - poles are real and repeated
<1 . poles are complex conjugate

0 <
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r(t) K, o,

$° + 20w s + W’

L

and since r ymt step: X’

Q§(S) — Kowrzl

$° 4+ 20w s + W’
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Let us now see y(t), the outputs to the unit step in these
3 cases, starting with case (a)

a) 0<( <1 (under damping)
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So, in the case 0 < { <1 (under damping) the response
is:
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step response

apnjiduwy
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Let us now see y(t), the output to the unit step for
case (b)

b) ¢ =1 (critical damping)
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In the case { = 1 (critical damping) the is:
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%
Kooon
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Finally, let us now see y(t), the output to the unit step
for case (c)

c) { >1 (over damping)
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In the case { > 1 (over damping) the is:
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K,
$° + 27w s + W
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unit step
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Let us now analyse some parameters associated with
the under damping case

0<{ <1 (under damping)
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In the case 0<( <1,

the

7a

y(t) = K |[1-e7*"| cos w,t+ enw,t ||, t>0

. V1-2 y

can have many different forms, depending on the
values of { (damping coefficient),
w, (natural frequency) e K_ (gain)

Observe that w; dependson { and w,

W, = 0w Q/1- Zz (damping frequency)
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Time domain analysis - 2"d order systems

step response

| So,' now let us concentrate in the
case 0 <l <1 andcalculate-
some parameters.
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yl'l | 17 ] K= e e
39523

= 2.88

<
w

.-"I | o
:
;H L

Let us calculate some parameters
for y(t) the unit step response
of the 2"d order system.

apnjjduy
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‘TJ ’ - 10 12 14 ’T 16 18 20
t

o= 33393 time (5) ts(Z%) = 14,857




steady state output
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y = steady state response

( steady state output )

K (L)Z R(S) =
Y(S) — - O n . :R(S)/ S
s +2(W, s + W,

Im y(t) = lim s[Y(s) =

{t > 00 S—-O0

2
: K W s
Iim ; °©_n 5
s-0 S +2(W s+ W,
:KO

Yss

L=
S

Vs = K

0O
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step response

| ] ] ] ] ] |
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25

>

3 ’ .

"E -

=

-

Q. L |

o I = K

o
o

14 1B 18 20




rising time
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step response

e
y = 288 —
> i
3 o
= - : ¢ e .
= . t.nsing time =~ -
& [ |1  time it takes the step response y(t)
'+ [+ toreach the final value y, =K, for
i the first time.
05 p ' | |

ko

- ' : B 8 10 12 14 16 18 20

@ time (s)
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(.= rising time

s the instant of time that y(i) reaches the final value <
for the first time.
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(.= rising time

Depends on the values of ( ( damping coefficient ),
and of W, ( natural frequency )

arctg

1
-
N
N

t. = arctg(— w, /(W) / W,
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step response

Y & 288 —— i
> i _
B :
= s (—w,
o 15 [ arctg
: r
05 wd
= B ll 1 ; / 14 || & 0




peak time
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step response

ynmx= & e — :
3.9523 :
y_ =288 \//‘\E___‘

> i
g o a
= . t, peak time is the instant of time in
o 15 : T o] . ——1
B " . which the step response y(t) reacheg
—the first peak. i ——
05] " ﬂ

14 16 18 20
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peak time Yes = Ko (gain )
Z ( damping coefficient ),

. ( natural frequency )

(w, [ cos w,t. +

—e " | —w,senw,t +
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peak time

sen W, t +

e | &
1
A
@
Ji
b8
N
B
@)
@ p)
QS
(o
+
|~
I \9)
N ||z
[\©)

L, (W, t

1
~

o a

en ), t

— XO |]?><nt sen w,t \KZ = 0




Time domain analysis - 2"d order systems

peak time

t,=T0/ Wy
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; step response
y,r“..x= R ! NeSa—— ] I ] ] ] ] | ]
q ___,..-?
3.9523
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overshoot

MP
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step response

| \//H\“-_h___._r—r

> =<
ER 2 R\y(t) I:eaches the ——T—
g | maximum valuey . d
o ' ; at the first peak.

[ 5 |
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step response
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step response

yrll..‘] x= ;:i I T P . T | I ] ] [ ]
39523 i
o i(yn 1:~:'_y$$)= |
| : =1,0723
y = 288 | : | S :
b -
3 9 I ]
5 ;
c
% 15
N |
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step response

Yo e 1 . 1
39523~ :
E _ (ymnx_ yss)
I(yn u:_'yss) | MD B y |
' ss
yssz 2.38-j [ ) : | | L r__,d__r ]
>
% , | | | } -
= M, overshoot
o '8 [ | itis the percentage above of
" the final value 'y that is
reached by the first peak.
0.5 | ' | ' | )

|:‘| . Ii, | |_ | || | | |
U /’ Z 4 B o 10 12 14 16 18 20

X =100 time (s)
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step response

YO pu— |
3.9523 i

Y = 288 i ]

x>

3 2 - | d

= The overshoot M, can be expressed as a

& value between O and 1. ‘

|
0.5 _
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step response

3.9523 i
E(yn 1x_'y$$) | MD =37.23%
_ E X

y = 288 i |
>
3 -
g Or, instead, it can be expressed as a
° value between 0% and 100%.

0.5 |
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step response

Ymax_ d__,__;--------'--- ;
P i M, = 0,3723
i(yn 1:-:_-"‘55) | MD = 37.23%
A 288 | — | | | —
s I S S x
E:- 0 < overshoot M, < 1
| 0% < overshoot M, < 100%
>
05
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overshoot y..= K (gain)

Z ( damping coefficient ),

(. ( natural frequency )
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overshoot

Mp depends only on Z ( damping coefficient )
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overshoot

Mp depends only on Z ( damping coefficient )

M — e\/l_‘:2 or
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step response

ynmx= ___‘_g--------'--- ' "
59523 5 M, = 0.3723
i(yn m'_yss) | MD =37.23% |
Y = 288 i | e ]
p
3 -
5 2
c
= -
o 5
.
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settling time

t

S
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step response

ylliﬂ}(= = !
3.9523 |
Y = 288 | ._/”_i\;\_,;if—:{::::::::""
e 1 I
5 2 L. isettling time
£ y 'is the time required for the step
? ‘response y(t) to reach and remain
[/ iwithin a given error band around
-, ithe final value y_.

Up T A~ 3 l | I | |
,/]; !Y;; F 8 10 12 14 16 18

t, = 1.966 t,= 33393 time (s)

2%
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ylliﬂ}(= 3
3.9523
3
Y & 288
b=
=
= 2
=
o
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05

step response

3 Y .
. e el s s i
. o R ] R S
- . This error band Ian
| | . be of 5% above and
| . 5% below of the
- :—final value y .

"Y*i B 8 10 12 4 I: 18 20
%

=33393  time (s) 05(5%) = 11,1427]
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step response

ylliﬂ}{=_‘___,__,;' ------- ‘ 2
3.9523 :
| 2%
Yoo 288 ] — i ? -f%:j::::::::f‘”
| 1
> 3 N I O N I
|- . or, instead, from
o 15 . 2% aboveand 2% |
. below the final | !
| value y. ;
°0 /,~ 'T—l i 8 0 12 14 T 16 18 20
t, = 1.966 t,=33393  time (s) ( t (2%) =14 357]
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The settling time is obtained from the equations of y_(t), the

curves that encompass

Step response

apnyduy
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That is, the settling time ( is obtained by calculating
ye(ty) = 1,05K,
for the case of t. with 5% tolerance, and

y.(t) = 1,02 K,

for the case of t. with 2% tolerance,

obtaining the follong values:

L(5%) = z% . (2%) = z%

n
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settling time

Note that the settling time imaginary
t, is inversely proportional eI axis
to (), which is the ERRaaE

dlstance of the real part of P
the poles to the origin.

t,(2%) =4/ Lw,
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Resposta ao degrau (step response)

i ' /’m‘t:__'____'______———————=f,.5ﬂ.r’;:r
>
: i i 3
S st i 1t (5%) =
v i i (W
1 i ; -
DD ; - ' | I , | |

2 4 B 8 10 w 14 16 18 20
Tempo (s) ﬁﬁ{s%} = 11,142?]




apnyljdwy
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Resposta ao degrau (step response)

i f
: P |
e = AR
| i (W, |
i i . i |
’0 7 4 6 : 1III| *;2 1|4 )Y{E “IIB 70
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Note that we have seen cases in which
0< (<1
(=1
(>1

that is:
(>0

However o then:
®

the system is unstable
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(an example)

0 2 4 6 8 10 12 14 16 18 20
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time (s)
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